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1 Introduction 



Gauge theories with extended supersymmetries have been studied in various contexts. Among 
them, superspace formahsm of gauge theories is quite useful since supersymmetries of an action 
is manifestly guaranteed. However the standard superfield formalism is not suitable for theories 
with extended supersymmetries. The projective superspace formalism is one of the useful 
framework to treat the extended supersymmetries. The four-dimensional M = 2 projective 
superspace was established in [UEllS]. The projective superspace formalisms were studied in 
two [1] , three [S] , five and six dimensions [SI E] . 

In four- dimensional M = 2 projective superspace, a non-Abelian gauge multiplet is in- 
troduced as a tropical multiplet. The kinetic term of the gauge multiplet is defined through 
the anti-commutation relations of the gauge covariantized supercovariant derivatives [8]. The 
formal treatments of interactions among hypermultiplets and non-Abelian gauge fields are an- 
alyzed in [9]. On the other hand, an A/" = 2 gauge multiplet consists of a A/" = 1 vector and 
an adjoint chiral superfields. Consequently, the component superfields in the tropical multiplet 
should be represented by the M = 1 vector and the adjoint chiral superfields. However, the 
explicit embeddings of the tropical multiplet into the gauge multiplet remains less understood. 
In the previous paper, we have constructed superconformal Abelian Chern-Simons matter ac- 
tion in the three-dimensional A/" = 3 and J\f = 4 projective superspaces [10]. We have shown 
the explicit relations among components in the tropical multiplet and the superfields in the 
Abelian gauge multiplet. For non-Abelian gauge groups, the relation between the tropical and 
gauge multiplets becomes highly non-linear and non-trivial. 

The purpose of this paper is to find explicit relations among component superfields in 
the tropical multiplet and superfields in the non-Abelian gauge multiplet in three and four 
dimensions. We will write down the gauge connections in terms of the tropical multiplet. The 
vector and chiral superfields in the non-Abelian gauge multiplet are explicitly expressed by the 
components of the tropical multiplet. We will then show that the adjoint chiral superfields 
obtained from the tropical multiplet have correct chiral properties. We also write down actions 
of hypermultiplets in three-dimensional A/" = 3, A/" = 4 and four- dimensional M = 2 superspaces 
in terms of the component superfields in the gauge multiplet. In three-dimensions, the action 
have superconformal invariance. 

The organization of this paper is as follows. In the next section, we give a brief review of 
the three-dimensional A/" = 3 and A/" = 4 projective superspace formulations of superconformal 
theories. We then introduce the four-dimensional M = 2 formalism. In Section 3, we construct 
the action of hypermultiplets coupled with non-Abelian gauge multiplets. We explicitly write 
down the gauge connection in terms of the tropical multiplet. We find perturbative expressions 
of the adjoint scalar fields in the vector multiplets and show its chiralities. We then show that 
the actions constructed in the projective superspaces precisely reproduce those in the Af = 2 
subsuperspace in three dimensions. We also construct actions in four dimensions. Section 4 
is conclusion and discussions. Notations and conventions of three-dimensional A/" = 2,3,4 and 
four-dimensional A/" = 1,2 superspaces are given in Appendix A. Explicit expressions for the 
decomposition of the tropical multiplet is found in Appendix B. The ant i- commutation relations 
among the gauge covariantized supercovariant derivatives are found in Appendix C. 
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2 Projective superspaces 



In this section, we give a brief overview of the projective superspace formaUsm. We first 
explain the basic facts about the three-dimensional A/" = 3 projective superspace formalism. 
We introduce the general formula of actions for A/" = 3 superconformal theories. Then we 
generalize the formalism to A/" = 4 theories. We also introduce the four-dimensional M = 2 
projective superspace formalism. 

2.1 J\f = 3 superconformal theories in three-dimensional projective 
superspace 

The J\f = 3 projective superspace are defined by the standard J\f = 3 superspace M'^'^ supple- 
mented with the internal space CP^. The coordinates in each space are z^"^ = {x'^,9f) and 
SU{2)ji complex isospinors v'^,u^. Here a = 1,2 is the S0{1,2) ~ SL{2,M.) Lorentz spinor and 
/ = 1,2,3 is the S0{3)ii ~ SU{2)r R-symmetry vector index respectively. The two complex 
isospinors satisfy the following completeness relation, 

= ~ ^i""*)' ^) = ^'^^i' (2-1) 

where Ui should obey the condition {v,u) ^ 0. In the following, we use the SU{2)r spinor 
indices i,j = 1, 2 rather than the 5*0(3)^ vector indices. These are intertwined by the relation 

~ where (t/)*^ are the Pauli matrices. The SU{2)r indices are raised and lowered 

by the anti-symmetric symbols e^^^Sij such as 9^ = s^^Oj. 

Using the isospinors v\u\ we define the following supercovariant derivatives in the projec- 
tive superspace, 

Dj^^ = v.v,D^^, D^^^ = j^v,u,Dl D^-'^ = j-^^u,u,Dl (2.2) 

[y, u) yv, U) 

The covariant derivative Da is used to define a superconformal projective multiplet. We define 
a projective superfield Q*-"^ by the following constraint: 

Di2)gH = 0. (2.3) 

The superfield Q*-"^ should be holomorphic with respect to v"^ and homogeneous function of 
degree n, 

Q(")(z, cv) = d'Q^''\z, v), c G C*. (2.4) 

We call Q*-"^ superconformal projective multiplet with weight n G Z. The M = 3 superconformal 
transformation of the superfield Q^'^'' is given by [S], 

= -(^ - A(2)a(-2))gW _ ^sg("), (2.5) 

where = C,"^dm + -D^ with D"^^ = {tiY^ D^^ is the superconformal killing vector field. The 
symbol 9*-"^^ = j-^u^-^ stands for the differentiation with respect to the isospinor v\ The 
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parameters 

A(2) 

= ViVjA''^ and S correspond to the S0{3)r and the scale transformations 

respectively. 

The "smile conjugation" which is consistent with the constraint (12. 3 p is defined by 

Q^-\v) ^ {Q^-\v)y , (2.6) 

where the symbol "*" stands for the ordinary complex conjugation. The replacement of is 
explicitly given by (v^)* — ?■ —vi = v"^ and (f^)* — )■ —V2 = —v^. When the weight n is even 
number, one can define a real projective multiplet by using the smile conjugation. 
The J\f = 3 superconformal invariant action is given by [5] 

S = ^ j{v, dv) I d'x (D(-^))^(D(°))^ £(^)(., .)|,^„ , (2.7) 

where is an weight-2 real superconformal projective multiplet. For later convenience we 
call C^"^^ Lagrangian. The line integral is evaluated over a closed contour 7 in CP^. The action 
(12.71) is independent of u and we can choose a frame where Ui = (1, 0). 

The action (12.71) is rewritten in terms oi M = 2 superspace and superfields as follows. We 
first take the contour 7 in (12.71) such that it does not pass through the north pole = (0, 1) in 
CP^. It is then useful to introduce a complex inhomogeneous coordinate C G C in the upper 
hemisphere of CP^, 



v' = v\lX), C = ^, ^ = 1,2. (2.8) 

Then the supercovariant derivative Da turns into the following form 

D'i^ = {v'fD'^^\ Df{C) ^ -D„ - 2CDr + C'D„, (2.9) 

where we have introduced the M = 2 supercovariant derivatives Dq, and (see Appendix A). 
By factoring out the dependence in Q'^'^\z,v), a new superfield Q^'^\z,v) oc Q^'^\z,v) which 
satisfies the following constraint is defined: 

^L'l(C)Q'"k^,C) = 0. (2.10) 

In general, Q^"^ is expanded by power series in 

gW(^,C) = 5^C'Qfc(^), (2.11) 

k 

where Qk{,z) are standard TV = 3 superfields subject to the constraints (I2.10p . By the factor- 
ization of w^, the Lagrangian C^'^'^ is rewritten as 

C^'\z,v) = {v'f{tOC'^'\zX). (2.12) 
Then the action (12. 7p reduces to the following form. 



where we have used fl2.9p and the constraint f l2.10p . 

We now show a few examples of the projective superfields Q^"-*. 

• 0{k) and (ant)arctic muhiplets 

The weight-n complex 0{k) multiplet is defined to be holomorphic in the upper hemisphere in 
CP\ 

k 

T^''\z,v) = (^;^)"T["](^,C), T["1 = ^C'Tz(^). (2.14) 

1=0 

The constraints (12.101) on the A/" = 3 component superfields are given by 

D,To = 0, 

D„Ti + 2D^2To = 0, 

M + 2D12t,_i - D,T,_2 = 0, (2</<A;), (2.15) 
2Di2Tfc-©„T,„i = 0, 

DaTfc = 0. 

The arctic multiplet is defined as the limit — )■ oo of the complex 0{k) multiplet. The antarctic 
multiplet is defined by the smile conjugate of the arctic multiplet. 

• 0{—k, k) and tropical multiplets 

The real 0{—k,k) multiplet with weight n is defined by 

V(2-)(z,t;) = (2t;it;2)"v[2"l(2,C) = (r;')'"(2C)"V[2"l(;2,C), 

v[2^i(^,c) = 5^c'i^(^), vi = i-iyv^i, 

l=-k 

where the bar in the component superfields represents the ordinary complex conjugate. The 
constraints (12.101) on the M = 3 component superfields are given by 

^aV-k = 0, 

©a^-fc+l + 2Dl^V^k = 0, 

ro^V; + 2Z}^2v^_i - ©,V1_2 = 0, (-A; + 2 < / < A;), (2.17) 
2D'JVk - B^Vk.i = 0, 

^aVk = 0. 

The tropical multiplet is defined as the limit A; — )■ oo of the 0{—k, k) multiplet. 

2.2 J\f = 4: superconformal theories in three-dimensional projective 
superspace 

The J\f = A superspace M"^'^ is parametrized by the super-coordinates z^'^ = (x"^,^"), where 
i = 1,2 and j = 1,2 are indices for the SU{2)l x SU{2)r subgroup of S'0(4)/} R-symmetry. 
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These indices are raised and lowered by the antisymmetric matrices e^\e^^ and so on. The 
M = 4 projective superspace is given by M^is X CPl X CP^. We introduce a pair of CP 
in order to take into account the two SU{2) symmetries [5]. The complex projective spaces 
CPl X CP^ are parametrized by the homogeneous complex coordinates vl = {v^),V{i = {v^) 
and ul = {ui),UR = iui). They satisfy the completeness relation fl2.1l) independently. 
As in the A/" = 3 case, we define the following covariant derivatives: 



The super covariant derivatives Da^'^ , D^^^'^ satisfy the following algebras 



(2.18) 



(2.19) 



The other supercovariant derivatives Da^\ Da satisfy the similar algebras. In the TV = 4 
case, associated with two complex projective spaces CP^, one can introduce the left and right 
weight-n projective multiplets independently. They are defined by the following constraints, 

" ^ ^ (2.20) 

Each projective multiplet Q^^\ has the property (12.41) . The J\f = A superconformal trans- 
formations of the left and right projective superfields are given by 

^ ^ (2 21) 

^o?' = -(«-Ag'9!,-')o«-„E,e<,"'. 

(—2) 

where ^ is the superconformal Killing vector field, A^^/j, Til^r and 9]^^^ are defined as in the 
same way in the A" = 3 case [5] . 

In the left part, we introduce the complex inhomogeneous coordinate (l by 

v' = v\1Xl), Cl = 4- (2-22) 

Then the supercovariant derivative in the left part becomes 

Di^)^ = v'Dlj;^\ dW^' = Df - ClD^K (2.23) 

As in the case of the A/" = 3 formalism, the dependencies of the projective superfields can be 
factored out and one can define a new field Q^'^ oc which satisfies the following condition, 

dW^XOQ? = 0. (2.24) 
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Therefore the left projective superfield is expanded as 

Qi\^,CL) = J2CLQk{z), (2.25) 

k 

where Qk{z) are the standard A/" = 4 superfields subject to the constraint fl2.20p . Similar 
definitions hold in the right part. 

The manifestly A/" = 4 superconformal invariant action is given by 

S = ^f (^L, dvL) J d'x D[-'^4\z, VL)\e=o + {vn, dvn) J d'x D^n'^C%\z, i;^)|,=o, 

(2.26) 



where (£)j ) is the weight-2 left (right) projective multiplet and we have defined the follow- 
ing integration measures, 

^ ~ 48 ' ~ * ■ 

The contour 7^, (7/?) is chosen such that the path goes the outside of the north pole in CP^ 
(CP^). After fixing Ui = (1,0), = (1,0) in CPl and CP^, the action (12:^ is rewritten in 
the Af = 2 superspace: 

^ = ^jf ^ Jd'xd'eC^l\zXL)W=o + ^J^ ^ j d'xd'ed§{zXR)\e^=o. (2.28) 

where the symbol |ex=o means that the superfields in the Lagrangian are projected on the 
A/" = 2 superspace. 

Classification of multiplets is similar to the A/" = 3 case. Since the left and right parts have 
almost the same structure, we focus on the left part in the following. A complex 0{k) multiplet 
and a real 0{—k, k) multiplet are defined as fl2.14p and fl2.16p . respectively. Constraints on the 
components of a complex 0{k) multiplet T'"! = XllLo^'C' ^-^'s given by 

D),To = DfTo = 0, 

3^Ti = -D'^Ti^,, DfTi = B^Ti^,, {l<l<k), (2.29) 
©,Tfc = Di^Tk = 0, 

while those on a real 0{—k, k) multiplet V^^"^ = X]f=-fc 

B^V.k = DfV.k = 0, 

B^Vi = -Dl^Vi^^, DfVi = B^Vi_,, i-k + l<l<k), (2.30) 
Vfc = B^Vk = 0. 

The (ant)arctic multiplets and tropical multiplets are defined by taking — )■ 00 in the complex 
0{k) and the real 0{—k, k) multiplets, respectively. 
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2.3 Four-dimensional Af =2 projective superspace 

The four- dimensional projective superspace is defined by M^'* x CP^ whose coordinates are 
{z^X) = (2;"',^i,^ia,C) |3]- The SU{2)r indices run from 1 to 2. a, a = 1,2 are the 
SL{2, C) Lorentz spinor indices. A projective multiplet T is defined by the following constraints 

V^T = V^T = 0, (2.31) 

where the operators V^, are defined by 

V, = Di« + CI^2a, V^ = Dl-CDl. (2.32) 

The classification of the projective multiplets is the same in the three-dimensional cases without 
any weight specified. The constraints on the components of the complex 0{k) multiplet T = 
Ef=o ^'C^ are 

^laTo = 0, DlTo = 0, 

D.^Ti + D^aT 1.1 = 0, {l<l<k), D^T, - T,_i = 0, (1 < / < A;), (2.33) 
D2ark = 0, DiTk = 0. 

The constraints on the components of the 0{—k, k) multiplet V = Yl'^-oo ^^e 
DiaV-k = 0, DlV.k = 0, 

Di^Vi + D2aVi_^ = 0, (-A; + 1 < / < A;), DlVi - DiVi_i = 0, {-k + 1 < I < A;), (2.34) 

D2aVk = 0, DWk = 0. 



We introduce the conjugate of the operators V^, V, 



A^ = D2^-^D,^, A^ = Dl + ^Dl. (2.35) 
They satisfy the following algebras, 

{Va, V/3} = {V„, Va} = {Vi, V^} = 0, 

{A„ A^} = {A„ A^} = {A^, A^} = 0, (2.36) 
{Va, A4 = {A^, V^} = 0, {V„, A^} = {A„ V^} = 2id^^. 

The operators Aq,, A^ are used to define the integration measure in the four- dimensional M = 2 
projective superspace. The manifestly M = 2 supersymmetry invariant action is given by 

S= fd\ (f^A'A^K, (2.37) 

where C is a contour surrounding singularities in the ^-plane and K is a gauge invariant function 
of projective superfields and (. 
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3 Non-Abelian gauge multiplet and hypermultiplet in 
projective superspaces 

In this section we work out the exphcit relations between the non-Abehan gauge multiplet 
and the tropical multiplet. In order to find the precise relation, we consider the action of 
hypermultiplets coupled with the non-Abelian gauge multiplets. In terms of the M = 2 language 
in three dimensions, an A/" = 3 {M = 4) gauge multiplet consists of a vector superfield V and 
adjoint (anti)chiral superfields ^oi^'o- A hypermultiplet consists of two chiral superfields S,T 
and whose conjugates S, T. The action of an A/" = 3 hypermultipletH in the fundamental 
representation of the gauge group in A/" = 2 superspace is 



S = J £xd^e {Se^S + Te-^T) + 2 J d^xd^O T^oS + 2 J d^xd^O T^oS 



(3.1) 



The superfields V, $0 7 5*0 in the action are non-trivial functions of the component superfields 
V-i,Vo,Vi in the tropical multiplet. We will determine these functions in the following sub- 
sections. The calculation is performed by the perturbation of V_i,Vo,Vi. We work in the 
three-dimensional Af = 3, M = 4 projective superspaces. In each case, the hypermultiplets are 
defined by the (ant) arctic multiplets. In four dimensions, the situation is the same in three 
dimensions. In the following, we show the detail calculations in three-dimensional A" = 3, 
A/" = 4 and four- dimensional A" = 2 cases separately. 

3.1 = 3 in three dimensions 

The gauge multiplet is defined by the weight-0 real tropical multiplet V^^^. This is adjoint 
representation of the non-Abelian gauge group G. The gauge transformation of the tropical 
multiplet is given by 

eVm^,-.A[oi,v[oi^,A[oi^ (3.2) 

where A'^^, At^l are weight-0 (ant)arctic multiplets. In the Lindstrom-Rocek gauge, the tropical 
multiplet is expanded as follows [S], 

= C"V_i + Vo + CVu 

Now we write down the A/" = 3 gauge multiplet in terms of the tropical multiplet V-i,Vq,Vi. 
In the Abelian case, the M = 2 vector superfield V and the adjoint chiral superfields $oj 5*0 in 
the gauge multiplet are identified as [TU] 

V = Vo, $0 = ^©^^, $o = -l©V_i. (3.4) 
o o 

However in the non-Abelian case, the relations among V,$o;'5o and y_i,Vo,Vi become non- 
linear and the identification is not straightforward. 



^ Strictly speaking, the action (|3.ip has A/" = 4 supersymmetry in three dimensions. Here we keep only 
7\A = 3 supersymmetry manifest. 
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We first look for tlie expression of V. In order to find it, we decompose V'°' as follows [5], 

gVioi ^^y_^vb/+^ (3.5) 

where V± contains terms with positive (negative) powers of ( while Vq does not depend on (. 
Following [8], we define the gauge transformations of each part: 

e^- ^ e-'~^'\^-e''\ ^ e-^^°e^«e^^°, ^ e'^^^e^+e^'^™ , (3.6) 

where Aq, Aq are C° components in the (ant)arctic multiplets A^'^ljA^. The C independent part 
Vo has correct gauge transformation property of the M = 2 vector superfield V . Therefore we 
identify Vo with the vector superfield V: 

V = Vo. (3.7) 

The exphcit form of Vq,V± can be calculated perturbatively in V-i,Vq,Vi. We obtain some 
explicit expressions at low orders in Appendix B. 

Next, we look for the explicit forms of the adjoint chiral superfields $0) "^o in terms of the 
components in the tropical multiplet. The adjoint chiral superfields are constructed through the 
examination of the interaction terms of hypermultiplets and the non-Abelian gauge multiplet. 

The weight-2 Lagrangian of the free hypermultiplet is given by 

£[2] _ yWtW. (3.8) 

where T'^^jT'^' are weight-1 arctic and antarctic multiplets. Expanding the projective super- 
fields in C and performing the integration over ^, we find that the action associated with the 
Lagrangian f l3.8p becomes 

S = j d^xd^e [TqTo - TiTi + D^Tiro + W^Ti] , (3.9) 

where we have integrated out the auxiliary fields T/,T/, (/ > 2) and introduced the Lagrange 
multipliers ^ to impose the constraints of the projective multiplet. The components Tq, Tq 
are (anti)chiral superfields in = 2 superspace. We next integrate out Ti,Ti and dualize 
these fields to T = IPYq, T = D^Fq. The new superfields T, T satisfy the (anti)chiral superfield 
condition and the action becomes 

S = jd^xd'^e {toTo + TT). (3.10) 

This is nothing but the action of the free hypermultiplet in A/" = 2 superspace. Now we 
couple the hypermultiplet with the non-Abelian gauge multiplet. The weight-2 gauge invariant 
Lagrangian is given by 

£[2]^^[l]gVM^[l]^ (3.11) 

The gauge transformations of the (ant)arctic multiplets are defined as 

TW ^ e-*^""T[^ Til] ^ TWe*^™. (3.12) 
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Especially, for the component we have 

To^e-*^°To, To^V^o. (3.13) 

We note that these fields have correct gauge transformation of the M = 2 hypermultiplets 
(chiral) superfields. However, writing down the Lagrangian (13.111) in terms M = 2 superfields 
is cumbersome since the tropical multiplet V^*^' appears in the Lagrangian non-linearly. In order 
to find the structure of the Lagrangian in A/" = 2 superspace, we define the following new fields: 

fW = fWe^-, tW = e^o/+xW. (3.14) 
Then the Lagrangian (13.111) is rewritten as the form of the free hypermultiplet: 

/:P] = fWtW. (3.15) 
The gauge transformation of the new fields are 

tW ^ tWe*^'\ ^ e-*^°tW. (3.16) 

We note that the positive and negative powers of ^ components in T[^1,T[^1 are never mixed 
under the gauge transformations (I3.16p . 

We next specify what constraints the new fields (I3.16P satisfy. The supercovariant deriva- 

[21 

tive Da that defines the projective multiplet should be gauge covariantized. In order that 
the fields (I3.14p become the covariantly projective multiplets, we define the following gauge 
(super) connection, 

= e^°e^+:^P]^g-y+g-vb), (3,17) 
Then, the left gauge covariant derivative acting on fields with charge q is defined by 

where the symbol > means that the quantity acts as the appropriate representation of the gauge 
group G. By the same way, we define the right gauge covariant derivative, 

* ^ *(e-^^-fe[2]g,y_) ^ + , ^ (e-''^-D(f))e^^-. (3.19) 

We note that the ordering of the product is important since all the fields are matrix valued in 
the non-Abelian case. Then, for the fundamental representation T^^l, we can show that 
the new fields (I3.14p satisfy the gauge covariantized projective constraints: 

^[2]tW=0, twH'^=0. (3.20) 
The gauge transformation of the connection is 

Q^^Q'^ = e-'^'^^Qac'"'^'' + e-^''^"(Di2le^'?^«). (3.21) 
This is the typical gauge transformation associated with the transformation (I3.16p . 
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We next calculate the gauge connection From the constraint condition Do'v^^' = 0, we 
have an identity, 



e-^"(DL2le^-) = e^°e^+D^^\e-^^e-^'). (3.22) 

Using the ^-expansion of the supercovariant derivative Da^ = — — 2(D^ + C^D^, the both 
sides in fl3.22p are expanded as 

oo 

e-^-{D^^e^-) ^ Crit + crLl + c'ri-J + J2^~^t\:\ (3.23) 

1=1 

00 

e^»e^+D[2l(e-^+e-^») = C'r^^^ (3.24) 

1=0 

Then we have the following relations among the components, 



r(+) _ r(-) rW - r(-) rW _ r(-) 

r(+) _ r(-) _ 

^ l>3 a ~ ^ 1>1 a ~ 



(3.25) 



The gauge connection is therefore expressed as 

^a = C'rLl + crLl + c'ri-\ (3.26) 

Consequently the gauge covariantized supercovariant derivative contains C^iCiC^ components: 

Pl^l = Di^] + fi, = -P, - 2CVi^ + C'l^a, (3.27) 
where we have defined the gauge covariantized supercovariant derivatives 

V^=B^ + Til\ V'J = D'^ - ^T^-l V^ = B^-Ti-J. (3.28) 

The ant i- commutation relations of the above gauge covariant derivatives are found in Appendix 
C. From the explicit form of the left hand side in 03.221) we find that the ("^ term in the gauge 
connection vanishes identically, 

rLl = 0. (3.29) 
In general, V- in the left hand side of (13.51) is expanded as VI = Xlj^i C~'^-i- Then we find 

g-y_^[2]gf_ ^ -2Dl'V^^ + ©,t>_2 + ^[DaV^-l, V^-l] + C^aV^-i. (3.30) 

Therefore we obtain the following form of the components in the gauge connection, 

r(-) 



-2a 



0, 



rLl = D.VLi (3.31) 
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Only the components in y_ contribute to the gauge connection. The exphcit represen- 

tations of V-i, V-2 in the decomposition of e^'°' are calculated in Appendix B. 

The constraints on the component superfields in the (ant)arctic multiplet f l3.14p are now 
gauge covariantized: 



0, 



0, 



V^fi + 2Vl^fi^i - V^fi_2 = 0, (/ > 2), 

ToK = 0, 

tiK - 2fo^a = 0, 

1_2K + 2l„i^^2 - = 0, (/ > 2). 



(3.32) 



From the above constraints and the anti-commutation relations of the gauge covariantized 
supercovariant derivatives in Appendix C, we find the following relations, 



fi^2 = 2fo^i^^" = 2f 



)12ap(-) 



To, 



t-r(-) _i_ nUaj^i-) I r-r(-)a p(-) 1 

-la "T -'^ -2a "T o L-"- -2 ^ -laS 



(3.33) 



As we will see, the adjoint chiral superfields in the gauge multiplet appear in these relations, 
we define the gauge covariantized chiral superfields $o,^o in the gauge multiplet as 



$0 
$0 



)12ap{-) 
' Oa 



'--la^^ -2a "T o t-"- -2 5 -laJ 



)12ap(-) 



2 l-*- -1 1 Oa J 



(3.34) 

(3.35) 



The gauge transformations of the fields "J'oi'^'o follow from the definition fl3.34p . f l3.35p . They 
are found to be 



$0 ^ e-^^^l-oe'^", 



$n e 



(3.36) 



As we will see, these gauge transformations are consistent with the fact that the original (before 
gauge covariantized) field $0; 5*o transform as the adjoint representation of G. 

The explicit form of the gauge covariantized chiral superfields can be obtained by the per- 
turbation in y„i, Vq, Vi- Here we explicitly write down the connections up to 0{V^)^ 



r(-) 

Oa 
-la 

r(-) 

-2a 



^aV-i + i[Fo,D„y_i] + i[D,Vo, ^-i] + 0(^'), 
0. 



(3.37) 

(3.38) 
(3.39) 
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Higher order corrections can be calculated systematically by using the decomposition of 
found in Appendix C. Then the anti-chiral field is calculated as 

lo = -ro'^-i - ^[^,DV_i] - i[DVo, ^-i] - {e"^,D„y_i} + 0{V'), (3.40) 

while the chiral superfield $o is 

$0 = B^V, + ^[Vo,B^V,] + {B"V^,BM + OiV'). (3.41) 

Here we have used the constraints D^Vi = ©qV-i = on the tropical multiplet. We stress that 
the anti-chiral superfield is written as the "D^-exact form" $o = D^Vli and the gauge covariant 
chirality follows from the nilpotency of the supercovariant derivative Dq, for the full order in 

P«$o = D^ro^Vli = 0. (3.42) 

On the other hand, the chirality of $0 is shown in the perturbation of V-i, Vq, Vi. For example, 
up to 0(y^), we can show that the superfield $0 satisfies the gauge covariantized chirality 
condition, 

= + O{V^), (3.43) 

where we have used the projective constraints on V^i, Vq, Vi. 

The action of a hypermultiplet in the fundamental representation of the gauge group G is 
given in (13.111) . After expanding the fields in C and integrate over the CP^, we have the action 
in the M = 2 subsuperspace as 



s = Sxd^e 



ToTo - TiTi + 5^(-l)'T + {T^V^ - T,%)% + %{V^T^ - %T,) 
1=2 

(3.44) 



where we have introduced the Af = 2 Lagrange multiplier superfields Yq,Yq to impose the 
projective constraints. The gauge transformations of the Lagrange multipliers are defined as 

Yo ^ e-'~^''Yo, Yo^Yoe'~^°. (3.45) 

The M = 2 superfields Yq, $0 and Fq, $0 are interpreted as components of the arctic and 
antarctic multiplets y, $ and "P, $ respectively. From the "fields with tilde", we can go back 
to the original A/" = 3 projective superfields (before gauge covariantized) by factoring out the 
decomposed fields y_, Vq, t+ of the tropical multiplets: 

y^gVbgV+y Y = Ye^-, 

, . . . - „ . (3.46) 
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Especially, the C° component of each field is found to be 
The gauge transformations of the original fields are 



(3.47) 



(3.48) 



As we have mentioned, $, $ are adjoint representations of the gauge group G. Note that $0) "^o 
satisfy the ordinary (anti)chiral superfield conditions ]D)q$o = Da<l>o = 0. 

Now we rewrite the action fl3.44p as follows. First, we integrate out the infinite number of 
the auxihary fields T/, T^, (/ > 2). We then integrate out Ti, Ti and dualize the fields Ti, Ti 
into Yq,Yq. The action becomes 



S 



1 

~4 
d^xd'^9 



d^xd^e V' 



-yo<foTo 



d^xd^e 



-%ToYo 



-- I d^xd^e 



■V^Yo^To 



- I d^xd^e 



-fo^Yo^' 



(3.49) 



where we have used the relations Tq = Tq, Tq = c^^Tq, the gauge covariant constraints 
T^a^o = ^a'fo = and the gauge covariant chiralities = V = 0. We stress that 

the covariant chirality of $o i is crucial to write down the action in terms of the M = 2 
component superfields. After the field redefinition 



(3.50) 



the relabeling Tq ^ S and the rescaling $ — )■ 8$, we find that the action fl3.49p precisely 
reproduces the action of the A/" = 3 hypermultiplet coupled with non-Abelian gauge multiplet 
(13. ip . Generalizations to the multi-fiavour models, adjoint or bi- fundamental representations 
of hypermultiplets are straightforward. 



3.2 = 4 in three dimensions 

In this subsection, we generalize the A/" = 3 construction to A/" = 4 theories. Since the left and 
right sectors are essentially the same, we concentrate on the left part. In the Lindstrom-Rocek 
gauge, the weight-0 left tropical multiplet v]°^ is expanded as 

= + Vl,o + ClVl,i. (3.51) 
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In the following, we omit the subscript L. The non-Abelian gauge transformation is defined 
by fl3.2p . As in the A/" = 3 case, we consider the decomposition (13. 5p . From the constraint 
^W'=y[o] _ Q have an identity 

e-^-(DW^e^-) = e^»e^+DW^(e-^+e-^«). (3.52) 
The both sides in (13.521) are expanded as 

_ oo 



oo 

a 

1=0 



(3.53) 



Therefore we have the following relations among the components 

^ la — ^ -la 5 Oa — 



Oa 5 



(3.54) 



Using the (^-expansion of the supercovariant derivative Da^'' = D"^ — C,D]^ in the left hand side 
of (I3.52p . we find that the C, component in (I3.52p vanishes identically, 

rL"i!^ = 0. (3.55) 

Therefore the gauge connection contains only terms with the zeroth order of 

nl = e^Oe^+DW^(e-^+e-^») = C^r^;)'- (3.56) 

The gauge covariantized supercovariant derivative is defined as 

Then each component in the gauge covariant derivative is found to be 

vf = Df + Ti-J\ vf = Df. (3.58) 
As in the A/" = 3 case, we define the left and right gauge covariant derivatives. 



(3.59) 



We now calculate the explicit form of the gauge connection. Form the left hand side in (I3.52p . 
we find 

e-^-(DW^e^-) = -Dl^V.i. (3.60) 
where we have used the fact that terms with negative powers of C, vanish. Then, we find 

rL^' = -Dl'V^i. (3.61) 
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Therefore the gauge covariant derivatives are found to be 

V'J=B^, V'^ = D'^, Vf = Df-3^V_,, vf = -B^-D'^V^,. (3.62) 

Again, y_i is calculated by the perturbation of the components Vq, V\ (see Appendix B). 
The anti-commutation relations of the covariant derivatives are found in Appendix C. 

In order to find the explicit form of the (anti)chiral superfields $0)5'o in the gauge mul- 
tiplet, let us consider weight-1 left (ant)arctic multiplets T^^l, Tl^^ in the (anti)fundamental 
representation. The gauge invariant weight-2 Lagrangian is given by 

/:[2l = TWe^"'TW. (3.63) 

The gauge transformation and the definition of the new fields fl3.14p are the same in the A/" = 3 
case. The projective constraints on the new fields are gauge covariantized. Using the anti- 
commutation relations of the gauge covariant derivatives and the gauge covariantized projective 
constraints, we find the following relations. 



(3.64) 



where we have defined 

V'J=V^ = B^, vf = V^ = -3^-D'^V^,. (3.65) 
From these relations, we define the gauge covariantized chiral superfields $0) "^O; 

l-o^D^M^', l>o = ©"ri;)\ (3.66) 

Since the component of the gauge connection is given by Tq""*^ = —'DaV-i, the anti-chiral 
superfield $0 is again D^-exact form. Therefore the chirality T>a^Q = Dq$o = is shown for 
the full order in V-i, Vo,Vi. On the other hand, the chirality of $0 is shown in the perturbation 
of Vq, Vi. For example, up to 0(y^), we have 

= + O{V^), (3.67) 
where we have used the relations obtained by the repeated use of the constraints (12.171) : 

©2^ = -WDi^V_i = D^^WV_i = 0. (3.68) 

Now we have proved the chirality of $0, '^'o- Note that $0, ^0 obtained from the left tropical 
multiplet by this way belong to the right multiplet [TT| ITU] . The construction of the action is 
the same in the Af = 3 case. 
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3.3 J\f = 2 in four dimensions 

The tropical multiplet V = J2'il~oo C'^ satisfy the following projective constraints, 

V„V = V^V = 0. (3.69) 

We consider the decomposition fl3.5p of the tropical multiplet. Using the constraints fl3.69p we 
have the following identities, 



e 



e 



-(V«e^-) = e^V^+V„(e-^+e-^''), (3.70) 



~^-{^ae^-) = e^°e^+Va(e-^+e-^«). (3.71) 



The definition of the gauge connections is 

fi„ =e'?^V«^+V«(e-^^+e-''^°) = e-^^-(V,e«^-), 
Cl^ =e'?^«e«^+Vi(e-^^+e-''^o) = e"^^" (V^e^^-). 
By the same way, the gauge covariantized left supercovariant derivatives are defined as 

^ _ _ _ _ (3.73) 

The right derivatives are defined similarly. From the middle and the left sides in (13.701) we have 
the C expansions. 



e-^-(V.e^-) ^ rit( + Ti-JC + J2r[-Jc\ (3.74) 

oo 

e^°e^+V„(e-^+e-^°) ^ J^rj+V'. (3.75) 



1=0 



By the same way, we define r[^^ by the ( expansions of (12.341) . Then the following relations 
hold, 

r(-) - r(+) r(-) - r(+) - n 

f(-)_f(+) f(-) _f(+) _n ^ ^ 

We can show that the terms in the left hand side of (13.701) and (I3.7ip vanish identically 
r^iQ = f = 0. Therefore the gauge covariantized supercovariant derivatives are found to be 



(-) 7^2 _ n2 _L f(-) 

1 _ ni (3-77) 



T>2a = D2a, V\ = D 



The anti-commutation relations of the gauge covariant derivatives are found in Appendix B. 
The gauge connections are calculated as 

(]„=e-^-(V,e^-) = D2«y_i, ^^^^^ 
n^=e-^-{V^e^-) = -DlV.r, 

17 



The explicit expressions of the connections Qa^^a depend only on the term V^i in the de- 
composition of the tropical multiplet. This is the same situation found in the three-dimensional 
case. Up to 0(y^), we have 



ri;^ = -Dlv., = -Dl ( v., + \[V,, V^,] ] + 0{V'). 



(3.79) 



As in the three-dimensional cases, we define the new fields from the (ant)arctic multiplets: 

t = e^V^+T, f = Te^-. (3.80) 

The first (the second) fields satisfy the left (right) gauge covariantized projective constraint. 

Using the gauge covariantized constraints on the component superfields Tq, Tq, Ti, Ti and 
the anti-commutation relations of the gauge covariant derivatives, we obtain the following 
relations. 

From these expressions, we define the gauge covariantized chiral superfields, 

$0 = -^if %^D^ri-J. (3.82) 

In the following, we define the supercovariant derivative in the A/" = 1 subsuperspace as D„ = 
D2a,^a = D\. We also write the corresponding gauge covariantized supercovariant derivatives 
as Da, 'Da- Then up to cubic order in V^i, Vo,Vi, we obtain 



Therefore we find 



$0 = D'^D"' ^V^, + -[H, Vli] J + 0{V'), (3.83) 
lo = I^2^2aVli = ©2Vli. (3.84) 



V^^o = ©aO^Vli = 0. (3.85) 



Again, the chirality of $0 is shown in the full order of V-i,Vo,Vi. On the other hand, the 
chirality of $0 is shown perturbatively, 

V^^o = B^DlD'^V^^ + h^DlD'^[Vo,V_,]-[DlV.uDlD'^V.^] + 0{V^), 

= + O{V'^), (3.86) 

The action is constructed as in the cases of three dimensions. 
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4 Conclusion and discussions 



In this paper we have studied the exphcit relations between the non-Abehan gauge multiplets 
and the tropical multiples in three-dimensional A/" = 3, A/" = 4 and four-dimensional M = 2 
projective superspaces. In three dimensions, the actions possess the conformal invariance. 
Although the formal procedure to construct the gauge invariant actions has been discussed 
in the literature, the explicit form of the decomposition of the non-Abelian tropical multiplet 

= e^"e^°e^+ and the expression of the gauge connection Via have not been studied in detail. 
For Abelian gauge groups, the decomposition of the tropical multiplet is trivial, namely, in the 
Lindstrom-Rocek gauge it is given by V_ = V_i(~^, Vq = Vq, = (Vi. Then the J\f = 2 vector 
superfield V is identified with the C° component Vq in the tropical multiplet. The relations (13. 4p 
among the chiral superfields $o? in the gauge multiplet and Vi,V^i in the tropical multiplet 
are linear and the chiralities of $0; ^^o follows automatically. 

On the other hand, for non-Abelian gauge groups, the decomposition is quite non-trivial and 
the relation between the gauge multiplet and the tropical multiplet becomes highly non-linear. 
In the present paper, we have performed the decomposition of the tropical multiplet for non- 
Abelian gauge groups explicitly and found the precise form of the components VI, Vq, V+. Using 
the decomposition, the gauge connection has been constructed. We have then considered a 
hypermultiplet coupled to the gauge multiplet. The gauge covariantized projective constraints 
on the (ant)arctic multiplets and the algebras of the gauge covariantized supercovariant deriva- 
tives enable us to define the adjoint superfields $0, $0 in the gauge multiplet. We have written 
down the expressions of $0) '^'o in terms of the component fields in the tropical multiplet. The 
gauge covariantized chiral conditions of $0) '^'o have been shown. The chirality of $0 is shown 
to be holds for the full order in V-i,Vo,Vi while that of $0 should be proved perturbatively. 
We have demonstrated that the chirality of $0 holds up to 0{V^) in the non-Abelian gauge 
group. However, the higher order calculations are possible by using the explicit decompositions 
presented in Appendix B. 

Compare to the Abelian gauge group, the calculation is quite non-linear and needs precise 
treatment. As we have shown in the Appendix B, the explicit form of the decomposition 

= e^~e^°e^+ is obtained iteratively. The gauge connections depend only on the (C) 
components of in A/" = 3 (A/" = 4) in three dimensions. Similarly, the adjoint superfields $05 
$0 are completely determined by V^i, V_2 iY-i) in A/" = 3 (A/" = 4). We have also calculated 
the gauge connections in the four- dimensional N = 2 projective superspace. Chiralities of the 
adjoint superfields in the gauge multiplet have been shown also in four dimensions. 

We believe our study provides useful insights into the future researches of gauge theories in 
the projective superspace formalism. For example, non-Abelian superconformal Chern-Simons 
theories in three-dimensions are an interesting topic. Generalizations to higher dimensional 
theories such as five and six dimensions cases P, [T2] are also interesting. We will come back to 
these issues in near future. 
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(A.l) 



A Conventions and notations of ordinary superspaces 
A.l Three dimensions 

In this appendix, we present the basic conventions and notations of the standard TV = 2, 
= 3 and M' = 4 superspaces in three dimensions. We use the mostly plus convention of the 
three dimensional metric T^^n = diag(— 1, +1, +1). The three-dimensional M = 2 superspace 
is represented by the coordinates = {x^,6°',6°') where 9,9 are two component spinors. 
The spinor indices are raised and lowered by the anti-symmetric symbol e^"^ = —eyi = 1. 
The gamma matrices are defined by (7"*)a^ = (zr^,r^,r'^) which satisfies the Clifford algebra 
l^m^^^j = 277"*". Here (/ = 1,2,3) are the Pauli matrices. The supercovariant derivatives 
in A/" = 3 superspace are defined by 

ij 

The supercovariant derivatives in A/" = 4 superspace are defined by 

The supercovariant derivatives in A/" = 2 superspace are defined by 

= -2^7^^a„, {D„, ©4 = = 0. 

The Grassmann measure of integration in the M = 2 superspace is defined by 

dP9 = ~de''d9a, d^9 = ~drd9o,, d^9 = d^9d^. (A.4) 

They are normalized such that, 

d^9 9'' = l, Jd''9 9'' = l, jd^9 9W = l. (A.5) 

Within the space-time integration, the following relation holds, 



(A.2) 



(A.3) 



d^9 Fiz) = —mWFiz)) 
16 



(A.6) 



=6»=0 

where F{z) is an A/" = 2 superfield. The chiral and anti-chiral coordinates are defined by 

= + io^^^e, x^ = x'^- i9-f'"9. (A.7) 
We use the following relations among the Af = 2, Af = 3 and A/" = 4 superspaces [5]: 

net na na na na na ( \ q\ 

D„ = D^i = D^\ = -D22 = -Df. (A.9) 
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A. 2 Four dimensions 



In four dimensions, we use the metric rjmn = diag(— 1, 1, 1, 1). We follow the Wess-Bagger 
convention [13] in the A/" = 1 superspace. The supercovariant derivative is defined by 

Da = + (A.IO) 



They satisfy the following algebra, 



Da = (A.ll) 



{D^,D^} = -2iaZdm, (A.12) 
{D^,Dp} = {D^,D,} = Q. (A.13) 



B Decomposition of tropical multiplet 

In this appendix, we calculate the decomposition of the tropical multiplet. 

In the Lindstrom-Rocek gauge, we have the following expansion in C, 

= V_ + Vo + V+, (B.2) 
V+ = CVi, Vo = V^, V_ = ^Vli. (B.3) 

The calculation is performed in the perturbation of the components in the tropical multiplet 
Vo, V-i. At leading (Abelian) order, we have V- = V_, Vb = Vo, V+ = V+. In the following 
we will determine V±, Vq at the quadratic and cubic orders in Vq, Vi- 

•C(V^^) calculation 

We determine the functions /o^"*, f^'^ that satisfy the following relation up to terms in 0{V^), 



The both sides in the above are calculated as 
e^'°' = l + V_ + Vo + V+ 

+^ (V^ + Vo' + V! + V+Vo + VoV+ + VoV_ + V_Vo + V-V+ + V+V-) + C(V'), (B.5) 

= 1 + V_ + Vo + V+ 

+ (voV+ + \vl + f:^^ + (v_V+ + iVo' + /^'^) + (v_Vo + + tf^) + 0{V% 

(B.6) 
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Note that all the terms are noncommutative and the ordering of the product is important. 
Comparing these results, we find the following expressions of the functions, 

/f = k[^i'^o], fi"^ = l[Vi,V.,], f^y = lc'[Vo,V.^]. (B.7) 



*0{V^) calculation 



Next, we determine the functions /q^^ that satisfy the following relation up to 0{V'^), 



(B.8) 



where f^\flf^ are functions (1B.7P at 0{V'^). Therefore at the order (9(V^) the above relation 
holds automatically. At 0{V^), we find the left hand side in (IB.Sp is 



3! 
1 



(V^ + Vo'V+ + V+VoV+ + VoV^ + V.Vl + V+V_V+ + V^Vo + V+Vq' + VqV+Vo + V^V_) 



^3! ^ ^oV-V+ + V_VoV+ + V_V+Vo + V+V_Vo + V+VoV_ + VoV+V_) 



3! 



(V! + V!V+ + V!Vo + VoV_Vo + V^V^ + Vq'V-^ + VoV! + V_VoV_ + v_v+v_ + v+v!) . 

(B.9) 



On the other hand, the right hand side in (IB. 80 is 

lo(V3) 



.V_+/i^'+/i^) ,Vo+f^'hf^'' ^V++ff+ff ■ 



.(2) 



f(2) 



(2) , .(2)^ 



1. 



3! 



K2) 



1. 

2 



1 

2' 



1. 
2 



1. 
2 





(B.IO) 



From these results, the functions /q^"* , f^^ are determined to be 



(3) 



f(3) 

Jo 

^(3) 



1 

^12 L 
12^ 



-1 



Vi[Vo,Vi] + [Vi,Vo]Vi 

Vi[V,,V^i] + [V^^, V^]V^ + Vo[Vo, V^] + [V,, Vo]Vi 
V^i[Vo,V^,] + [V^,,Vo]V^i 

V^,[V^,,Vi] + [Vi, + HfK), ^-i] + [V^i, Vo]Vo 



(B.ll) 
(B.12) 

(B.13) 
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Generalizations to higher orders 0{V"') [n > 4) are straightforward. By using the functions 
/q"""^^ obtained at order 0{V^~^), the equations that determine f^\f^'' become lin- 
ear. We can easily solve the equations and find the functions at order OiV"^) without any 
ambiguities. 



C Anti-commutation relations of gauge covariant deriva- 
tives 

The TV = 3 gauge covariantized supercovariant derivatives satisfy the following anti-commutation 
relations, 



{V^,Vp} = {1 



r(-) 

(a-^ -2/3) 

2 



l-"- -2a5 -2/3J' 



(-) , ni2p{-) 



^a,JU^/3 



} 



''a-L 0/3 



{^^i^^/3} 

{^a,^/3} = 



nl2p(-) 



2 

1^ 



2^ 

J/3rLl - 
-) 

-1/3) 



(-) pC-) 

-2qi -1^ 



1-'- -2o5 0/3 J ' 



'^/3 



J- -la 



1 



l-*- -lai -"-0/3 1' 



l-^ Oa ' 0/3 J • 



(C.l) 



The anti-commutation relations of the J\f = 4 gauge covariantized supercovariant derivatives 
in the left part are 



-Df} 

^/3 



|22 

/3 



0, 
0, 



(-)i 

0/3 ' 



0, 



r(-)2 

0^ ' 



-^a 0/3 ' 

r)2i-p(-)l _ 

0/3 

n2ir(-)2 _ 

^ 0/3 

— Ill) F*^")^ - 



i2r(-)i 



r)2ip(-)i 



+ {r 



(-)i p(-)ix 

Oa 5-^0^ J' 



''/3J- Oa + \J- Oa ' 0/3 J 



(-)2 p(-)2. 
Oa ' 0/3 J • 



(C.2) 



Similar relations hold in the right sector. 

In four dimensions, the Af = 2 gauge covariantized supercovariant derivatives satisfy the 
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following algebras, 



p'- Oct ) 



(C.3) 



{Vla,V2p} = 0, 

{vlvl} = o, 
{vlvl} = DlTl;f> , 
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